The relative stability of three-dimensional icosahedral quasicrystals in multi-component systems has been investigated based on a coupled-mode Swift-Hohenberg model with two-length-scales. A recently developed projection method, which provides a unified numerical framework to study periodic crystals and quasicrystals, is used to compute free energies to high accuracy. Compared with traditional approaches, the advantage of the projection method has been also discussed detailedly. A rigorous and systematical computation demonstrates that three-dimensional icosahedral quasicrystal, two-dimensional decagonal quasicrystal are stable phases in such a simple multi-component coupled-mode Swift-Hohenberg model. The result extends the multiple length-scales interaction mechanism which can stabilize quasicrystals from single-component to multi-component systems.
In the literature, utilizing a large periodic structure to approximate a quasicrystal is a commonly used method in the study of the quasicrystalline order 17, 18, [26] [27] [28] . The method actually obtains the crystalline approximants, therefore, it is named as the crystalline approximant method (CAM). From the viewpoint of numerical computation, CAM is based on the approximation of irrational numbers by integers or rational numbers, corresponding to well-known Diophantine approximation (DA) problem in the number theory 1, 29 . Because of the existence of DA, CAM has to be implemented in a very large computational region which means an unacceptable computational amount if small DA error is required. Furthermore, it has been verified that the gap between the free energy of quasicrystals and their corresponding approximants cannot be vanished in any finite computational region 1 .
In order to avoid the approximation error, an alternative approach is proposed to calculate quasicrystals based on the fact that quasiperiodic lattices can be generated by a cut-and-project method from higher-dimensional periodic lattices 1 . This method provides a basic framework to investigate quasicrystals, originally proposed by
Meyer in studying the relationship between harmonic analysis and algebraic numbers 1 . More recently, Jiang and Zhang proposed a projection method (PM) to obtain the density profile of quasicrystals and evaluate their energy density on high accuracy. The PM shows that the Fourier spectrum of a quasiperiodic structure can be embedded into a higher-dimensional crystallographic point packing set of corresponding periodic structure. Consequently, quasicrystals can be computed precisely in a higher-dimensional space and then be recovered by projecting the higher-dimensional reciprocal lattice vectors back to the original Fourier space through a projection matrix. This method can avoid the error of DA. As a particular case, it can be further used to investigate periodic crystals by setting the projection matrix as an identity matrix. From this perspective, the PM can calculated free energies of quasicrystals and periodic crystals with the same accuracy. Therefore, the PM provides a unified computational framework to study the relative stability of quasicrystals and periodic crystals.
In the present work, we will mainly explore the formation and thermodynamic stability of quasicrystals and periodic crystals in multi-component systems based on the CMSH model. A careful comparison of the free energies of a number of possible ordered phases, including 3D IQCs, 2D DQCs and periodic crystals, leads to confirm the relative stability and construct phase diagrams.
Theoretical results predict that IQCs can emerge and occupy a thermodynamic stable region in the phase dia-per, we will give a general framework of multi-component systems with multi-length-scales. In particular, the free energy functional of CMSH for a m-component system can be written as
where ϕ j is the j-th order parameter. V is the volume of the system. σ ij ∈ {0, 1}, j = 1, 2, · · · , n. q j > 0 is the j-th characteristic length scale. c > 0 is an energy penalty factor to ensure m characteristic length-scales.
The cross-terms in Eq.
(1) demonstrate the n-interactions among m components. τ σi 1 σi 2 ···σi n is interaction intensity related to physical conditions, such as temperature, pressure, and physical or chemical properties of materials. Comparing with the usual Landau theory of phase transition, the crucial feature of CMSH model is the occurrence of multi-length-scales q j , j = 1, 2, · · · , m. It should be noted that the number of characteristic multilength-scales could be unequal to m.
In current work, we consider a two-component system with two-length-scales. At the same time, the highestdegree of interactions is fourth. In particular, the general CMSH model of Eq.(1) is simplified by the following free energy functional,
Order parameters ψ(r) and φ(r) correspond to the density profile of two-component systems such as metallic alloys or soft matters. τ , g 0 , t, t 0 , g 1 , and g 2 are interaction parameters. q j , j = 1, 2 is the characteristic length-scale. According to the theories of Alexander Theoretically, the ordered patterns, including periodic and quasiperiodic structures, correspond to the local minima of the free energy functional with respect to order parameters ψ and φ in multi-component systems. Accordingly, the order parameters ψ * and φ * are the minima of the free energy density functional, which means
In order to find the equilibrium state, the Allen-Cahn dynamic equation is utilized to minimize the free energy functional and yields
It should be pointed out that the variable t does not represent time but a parameter controlling the iteration steps.
B. Projection Method
Due to the spatial periodicity, the computation of periodic crystals can be carried out within a unit cell with periodic boundary conditions. On the contrary, this Concretely, using the n-dimensional periodic structure and the projection matrix, any d-dimensional quasiperiodic function ψ(r) can be expanded as
where the Fourier coefficient ψ(h) can be easily obtained by using the n-dimensional L 2 -inner product,
is the reciprocal primitive vector which satisfies dual relationship, a i · b j = 2πδ ij . Furthermore, the functioñ ψ(r) is the inverse Fourier transform of the Fourier coefficient ψ(h). By observing the expansion of Eq.(5), the d-dimensional quasiperiodic structure can be also treated as a hyperplane of an n-dimensional periodic structure whose orientation is determined by the projection matrix P. In order to describe the position of the quasilattice in d-dimensional Fourier space, the notation k is utilized to replace P · Bh in Eq.(5). With this notation, the projection method has the following form,
where
Despite being similar to the common Fourier series, it is important to note that the distribution of k is not a periodic lattice. Similarly, the order parameter φ(r) in multi-component systems can be expanded as follows,
where k has the same definition as Eq. (6).
For a given structure of interest, the reciprocal lattice vectors are determined by its symmetry, and the optimal coefficients are obtained by minimizing the free energy functional. Based on these expansions, we can compute quasicrystals in the high-dimensional space and then project it into the lower-dimensional physical space.
Since the reciprocal lattice in the n-dimensional space is periodic, the computation can be carried out on a uniform mesh grid. As a particular case, a d-dimensional periodic structure can be described by the PM when projection matrix is set as a d-order identity matrix. In this sense, the PM becomes the common Fourier-spectral method. Therefore, this perspective provides a unified computational framework of periodic and quasiperiodic structures with the same accuracy. More significantly, the PM can evaluate free energy of corresponding ordered structure to high accuracy.
In practice, inserting the generalized Fourier expansions Eqs. (6) and (7) into the dynamic equations (4), we can obtain the following iterative equations expressed by Fourier coefficients,
In this expression, the quadratic, cubic and cross terms are given by,
From these expressions, it is clear that the nonlinear In order to solve the time-dependent equation (8) numerically, a time discretization scheme should be applied.
In this work, we propose a second-order precision method by combining the second-order Adam-Bashforth with Lagrange extrapolation approach (BDF2-LE) to discrete this dynamic equation. In particular, the scheme can be written as
whereψφ t+δt =ψ t+δtφt+δt , and (·) BDF2 ,(·) t+δt can be calculated by the Lagrange extrapolation approach
C. Two Modes Approximation Method
By the observation of the CMSH model Eq.(2), the penalty factor c affects the emergence of nonzero Fourier vectors. In order to systematically investigate the ideal and actual phase behavior, we consider the hard constraint (c → +∞) and the soft constraint (finite c). Under the hard constraint, ψ (resp. φ) should be strictly restricted on the circle with radius 1 (resp. q), otherwise the free energy (2) is infinite. Therefore, it is only required to analyze the entropy part. We will use the two modes approximation method to solve the hard constraint cases.
A brief introduction to the two modes approximation approach is necessary. For a given symmetric structure, the expansion terms of Eqs. (6) and (7) are finite under the hard constraint. Inserting Eqs. (6) and (7) into the CMSH model (2), we obtain the following expression with respect to Fourier coefficients ψ(k) and φ(k),
It should note that the summations in the above expression are all finite. The two modes approximation method turns the energy functional into a energy function with finite variables. The energy expressions of ordered structures considered in this paper can be found in Sec. III C.
III. RESULTS AND DISCUSSION
A. The advantages of PM High accurate numerical methods are crucial to theoretically investigating the relative stability of ordered structures. The CAM is the widely used approach to examine quasiperiodic structures, however, it inevitably accompanies the DA error, E DA 1,29 , which dominates the computational precision. In order to avoid the DA error, the PM is a reliable approach 29 . In this sub-
section, we will demonstrate that the PM has advantages over the CAM. The main idea of CAM is using a large periodic structure to approximate a quasicrystal. As analyzed above, for a desired computational precision, CAM is always required a large computational region to reduce E DA . More details about CAM can be found in Appendix A. Recently, based on the observation that a quasiperiodic phase can be embedded in a higherdimensional periodic structure, an efficient method, i.e., PM, has been formulated in the Fourier space. Comparing with CAM, PM not only requires less computational cost, but also computes real quasicrystalline structures, as well as their free energies to high accuracy.
In the following, we will take the 2D DQC as an example to demonstrate the correctness and efficiency of PM in detail, the morphology of 2D DQC can be found In the subsection, we will investigate the relative stability of these candidate ordered structures in twocomponent CMSH model under the hard constraint (the limiting case c → +∞) and soft constraint (finite c).
Subjected to the hard constraint, the Fourier vectors of ψ (resp. φ) should be strictly restricted on the circle with radius 1 (resp. q). Otherwise, the interaction energy becomes infinity. As described in Sec. II C, for these candidate patterns whose basic wave vectors k can be found in FIG. 3 , their energy expressions are given in Eqs. (12)- (17) under the hard constraint.
where ψ, φ ∈ R stand for the Fourier coefficients of the order parameters ψ and φ, respectively.
From these analytical expressions, it is apparent that the parameters t 0 and g 0 only exist in the expression of gives the free energy curves of these candidate phases.
To observe the tendency of the free energy better, we use the free energy of the IQC phase as the baseline. As (12)- (17) express. Among these 2D ordered structures, the DQC is 
It is important to note that k cannot be represented by linear combinations of e * i with integer-valued coefficients since p i ∈ R, including irrational numbers. However, the quasiperiodic function φ(r) can be expanded as
If there exists a rational number L such that Lp i ∈ Z or 
